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Abstract: Faddeev and Niemi (FN) have introduced an abelian gauge theory which 
simulates dynamical abelianization in Yang-Mills theory (YM). It contains both YM 
instantons and Wu-Yang monopoles and appears to be able to describe the confining 
phase. Motivated by the meson degeneracy problem in dynamical abelianization 
models, in this note we present a generalization of the FN theory. We first generalize 
the Cho connection to dynamical symmetry breaking pattern SU(iV + 1) — > U(iV), 
and subsequently try to complete the Faddeev-Niemi decomposition by keeping the 
missing degrees of freedom. While it is not possible to write an on-shell complete FN 
decomposition, in the case of SU(3) theory of physical interest we find an off-shell 
complete decomposition for SU(3) —> U(2) which amounts to partial gauge fixing, 
generalizing naturally the result found by Faddeev and Niemi for the abelian scenario 
SU(iV + 1) — > U(l) . We discuss general topological aspects of these breakings, 
demonstrating for example that the FN knot solitons never exist when the unbroken 
gauge symmetry is nonabelian, and recovering the usual no-go theorems for colored 
dyons. 
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1 Introduction 



In a remarkable series of papers Faddeev and Niemi [HE] have proposed a variation 
of SU(iV + 1) Yang-Mills theory which may provide the simplest known context in 
which to study quark confinement. Their construction is roughly a partial gauge 
fixing of Yang-Mills theory a la 't Hooft [3], 

SU(JV + 1) ^U(l) Ar , (1.1) 

which exhibits rather explicitly the magnetic degrees of freedom which are, in the 
standard varables A®, encoded as non-local, topological properties of the configuration 
as a whole. Assuming that in the infrared the magnetic degrees of freedom become 
somehow dominant, Faddeev and Niemi have shown [HE] that these systems possess 
topologically stable toroidal soliton^j] which could be interpreted as models of the 
glueballs. Their approach might also be useful in analyzing the interrelation between 
the two dynamical aspects of the system, confinement and chiral symmetry breaking. 

Recently [HJ [7] we have shown that the Faddeev-Niemi decomposition must be 
handled with care, since the equations of motion deriving from their formula are not 
equivalent to the original Yang-Mills equations and, if not supplemented by imposing 
the Gauss' constraints, give rise to solutions which are not part of Yang-Mills theory. 
More precisely, the FN theory contains some solutions which are solutions of YM cou- 
pled to an external color current. Nevertheless the overlap with Yang Mills theory is 
remarkable, as many known solutions of the Yang-Mills equations of physical interest 
are encoded in their formula. Also variations on Faddeev and Niemi's construction, 
such as those in Refs. [U EJ [10], do not suffer from this problem, and indeed the 
problem does not present itself if one does not fix the constraints [TT] . 

There is, however, no clear evidence for the moment that the effectively abelian 
picture (dynamical abelianization) is valid for the real-world Quantum Chromody- 
namics (QCD). It is therefore important to study every venue searching for other 
dynamical possibilities. One of them is that the effective gauge symmetry break- 
ing leaves some nonabelian factor unbroken. For definiteness here we focus on the 

1 Of course the dynamical breaking of scale invariance and generation of the mass scale A is crucial 
for allowing for such solitons to appear, evading Derrick's theorem. 
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symmetry breaking pattern 

SU(.N + l)-> SU W* U W~u m . (1.2) 

Note that such a nonabelian scenario is not possible in the SU(2) gauge theory, but 
is possible in the case of SU(3) Yang-Mills theory, the theory of interest for QCD. 
Of course such a decomposition will necessarily bring us back to the well-known 
difficulties [12j [13] associated with the nonabelian monopoles found in the study 
of the gauge breaking (11. 2p in a Higgs-type theory (i.e., with scalar fields in the 
adjoint representation), and we do not expect our analysis here alone to be sufficient 
for solving them. Examples found in various supersymmetric theories [14J suggest 
that understanding of nonabelian monopoles ultimately requires subtle considerations 
involving the renormalization group, phases of the system, the role of massless matter 
fields in nonabelian electromagnetic duality, and a significant interplay of magnetic 
monopoles and vortices [TSl [El [T7J . 

This is not however the main interest of the present investigation. We will restrict 
our attention to classical field theories, extending Faddeev and Niemi's decomposition 
to the case of SU(3) pure Yang-Mills dynamically broken to U(2), which we will 
simulate with a U(2) gauge theory. Such a connection, like the FN theories, captures 
many of the interesting YM solutions although more generally also contains solutions 
which are coupled to an external current. We feel that this case is particularly relevant 
for understanding confinement in real world QCD, because the the abelian breaking 
SU(3) — >U(l)xU(l) yields an unphysical degeneracy in the meson spectrum [T8| IT9]. 
while this breaking does not [20] • Our construction is a natural generalization of the 
off-shell decomposition by Faddeev and Niemi, corresponding to partial gauge fixing: 
the unbroken U(2) gauge degrees of freedom are kept off-shell. 

In Section H] we discuss general topological aspects of these symmetry breaking 
patterns, and show how monopoles and instantons are described in this formalism. 
We discuss the topological obstruction to colored dyons in this context, and show 
that FN knot solutions jU [5] do not exist when the unbroken gauge symmetry is 
nonabelian. 



In Appendix A we analyze in detail the transformation properties of our gener- 
alized Cho under the restricted gauge rotations. In |Appendix B| we study the Cho 
connection for more general symmetry breaking patterns. Finally, an example of the 



conjugation matrix without topological obstruction is constructed in Appendix C 
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2 SU(iV) vielbeins in the SU(iV + 1) Yang-Mills theory 



2.1 U(N) embedding in SU(iV + 1) 

Let us consider the pure SU(iV + 1) Yang-Mills theory. Define the traceless part of a 
rank-one matrix 

1 (2-1) 



M 



z z 



where 



N + 1 

z 



1. 



>2 



V 



N+l 



(2.2) 



/ 



is an (N + l)-component complex vector of unit length, 

N+l 



zz = Y^ z ^ a = 1 • 

a=l 



M satisfies 



TrM 2 



N 



N+l' 



TtM = 



(2.3) 



(2.4) 



The traceless Hermitian matrix M is an element of the Lie algebra of su(iV + 1). 

Let the vector z depend on the spacetime point x, z = z(x). M(x) thus defines a 
space-time dependent embedding U(iV) ^ SU(A^ + 1) where U(iV) is the subgroup 
which commutes with M(x). Such embeddings correspond to points in the manifold 

CP^ = SU(iV + 1)/U(JV). (2.5) 

Alternately, as the vectors Zi are points in S 2N+1 , but as M is invariant under the 
U(l) rotation z ~ e ia z, M e C¥ N = S 2N+1 /U(1). 



The (iV+ 1) x (N + 1) Hermitian matrix, M has an eigenvector z with eigenvalue 
'/ N + 1, and iV ortho normal eigenvectors orthogonal to z%, 



( 1 

e 



2 



e N+l 



1,2,. ..N, 



z ■ e,- 



J- 



(2.6) 



2 A somewhat analogous idea of introducing "zweibeins" in the planes orthogonal to the Abelian, 
Cartan subalgebra directions, has been used to introduce the dual gauge symmetries in |21) . 
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with the degenerate eigenvalue, — 1/N + l . The matrix e", (i = 1,2,...N, a = 
1, 2, . . . N + 1) transforms as an iV + 1 vector under the left action of SU(iV + 1) as 
well as an N vector under the right action of the subgroup SU(iV) C U(iV) . 

Any Hermitian matrix M can be diagonalized by a unitary matrix, made from its 
N + 1 orthonormal eigenvectors, 



(2.7) 
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u = 
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e N 
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so that 



U ] MU 



2N 
N + l 



T (o) T (o) 



y/2N(N + l] 



N 






-In 



(2.8) 



is the U(l)c SU(A^ + 1) generator in some fixed direction. Accordingly, M can be 
written as the conjugacy class of T^°\ 



M 



JlLuTWrf Tr(T(°)) 2 = i 



(2.9) 



showing manifestly that U (which determines M uniquely) determines an element of 
the 2iV-parameter coset space Eq. (12.51) . However M does not determine U uniquely, 
but only up to a choice of basis of the e^. Note that the vectors z and {e"} satisfy, in 
addition to the orthonormality conditions, the completeness relation 



or 



a -i 



b ■ 



(2.10) 



so that M can be expressed also as 

N 



M 



N + 



<2j e = — — -zz — — 
N + l N 



+ 14^ 



e ?; e 



(2.11; 



and so on. 



2.2 The Cho connection 

The generalization of the Cho connection suitable for the symmetry breaking pattern 
(12.51) can be written down by using the SU(iV) vielbeins introduced above. Following 
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the original idea of Cho [2"2~| [221 El], we seek for a reduced Yang Mills connection 
satisfying the condition 



D lt M = d ft M-i[A„M\=0, (2.12) 

meaning that there is a covariantly constant M signaling an effective, dynamically 
generated Higgs mechanism %. The solution of this condition turns out to be of the 
form 

A M = C(°) M + t[M, d^M] + B fl -E fl (2.13) 

where 

1 el • (2.14) 



R" — P a R* p3 ZT" 1 — P a 



is the abelian gauge field and 5* • are the components of the gauge fields of the 
local (dual) SU(iV) symmetry. It can be easily checked that (I2.13P indeed satisfies 
the gauge condition f)2.12p . 

Although and can be combined into a single term (they are both of the form 
e (...) e) and only B % ^ contains new degrees of freedom with respect to the vielbeins 
{ef}, with this splitting the decomposition ( 12 . 13[) of is form- invariant with respect 
to XJ(N), as will be seen below. The term is basically telling us that as we vary 
the embedding of U(iV) inside SU(iV + 1), the SU(iV) subgroup rotates. This feature 
is due to the nonabelianess of the "residual" group and is unavoidable. 

The original A^ fields contain on-shell 

2((iV+ l) 2 - 1) = 2N 2 + AN (2.15) 
degrees of freedom. The new variables contain 

#(£V)=2(iV 2 -l), #(e?)=2iV, #(C M ) = 2, 



i.e., the total of 

2 (iV 2 - 1) + 2N + 2 = 2iV 2 + 2N 
on-shell degrees of freedom, 2N less than (12.151) . More about this later. 

The counting of the degrees of freedom in the vielbeins e works as follows. Ap- 
parently e contains 2iV(iV-|- 1) parameters. Taking into account the invariance of A^ 



3 Recently a nonabelian Cho connection similar to ours has been used in [25] to study the Wilson 
loop of the SU(3) Yang-Mills theory. 
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under the local SU(iV) transformations Eq. (I2.27p . the unobservable phase of e and 
the orthonormality condition among e's 

e % ■ Cj = 8), 

the net number of degrees of freedom of e is found to be 

2N(N+l) - (N 2 - 1) - 1 - [N(N — 1) + JV] = 2N. (2.16) 

z (or M) is recovered uniquely from e (see Eq. (12. lip ). Or equivalently one can use 
simply z (2N free parameters). 

2.3 Dual ~U(N) transformations 

We now show how the U(iV) gauge transformations orthogonal to M act on the Cho 
connection, ( I2.13p . First consider the U(l) transformation around the M direction, 

U = e iaM = e ia ^zz + e- ia ^TTee (2.17) 

where a convenient form of M (Eq. ( 12. lip has been used.) The fields and 
are easily seen to be invariant. By studying quantities U d^MW, U i [M, d^MjU^ , 
and i d^UW (Appendix A) and collecting the results, one ends up with a simple 
transformation law, 

A M Al = UA^ - idJJU* 

= C^M + Ui[M, d^M]U ] — d^a M + i[M, d^M] - Ui[M, d^M]U ] 

= C^M + i[M,d^M\, (2.18) 

where 

CV = C»-d,a, (2.19) 
showing that indeed transform as a U(l) gauge field. 

The SU(iV) transformation law is a little more subtle, as E^ transforms nontriv- 
ially. The SU(iV) transformations commuting with M are 

U = exp(iu A et A e) =eVte + zz , Vt = exp(z u A t A ) . (2.20) 
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where (t A )* (i, j = 1,2,... N) are the standard SU(iV) generators in the fundamental 
representation; Q l j C SU(iV) acts in the local (or dual) space^. 

Again, the transformation properties of various terms can be nicely summarized 
into 

idpUrf = eid M flfi + e + Ep- i[M, d^M] - UE^U ] + Ui[M, d^Mp" 1 (2.21) 

so that the Cho connection (12.131) is seen to transform as 

A A l l = U{A tl + id ll )U^ 

= C^M + ettB^e - eid^e -E^ + i[M, d^M] 

= C^M + eB^e + i[M, <9 M M] — E^ (2.22) 

where 

B% = ttB^ - id^ttrt. (2.23) 

That is, the net effect of the original gauge transformation A^ — > A 1 ^ is the gauge 
transformation of the B^ field in the dual space 

B ii ^Bl = ttB^ - id^& , M -> M, E^ -> (2.24) 

It is interesting to note that the same transformation — E^ — > B^ — E^ can 
be induced simply by the local SU(iV) transformation of the vielbein 

e(x) -> e{x)Q{x) . (2.25) 

In fact, under this transformation M remains invariant while 

Ef,^ E ll + eid^ntfe, eB^e -»■ eQB^e . (2.26) 

We note furthermore that, without the contribution of the vector E^, the gauge field 
would not be form invariant, and that the above-mentioned equivalence between the 
original gauge transformations and the local dual SU(iV) transformations would be 
lost. 

The fact that the original SU(iV) C SU(A r + 1) gauge transformation can be 
expressed either as the local SU(iV) gauge transformation of the B^ field Eq. f)2.24p 

4 This is analogous to the local Lorentz transformations in the Tetrad formalism of general rela- 
tivity. 
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or as the local vielbein transformation, Eq. ( I2.25p . means also the following. The 
gauge field written in terms of our decomposition Eq. (12.131) is invariant under 
the simultaneous local SU(iV) transformations 

e(x) ->• e(x)n(x)\ B„^B^ = QB^ - id^nrf . (2.27) 

exhibiting the redundancy of the paramerization (I2.13p . and explaining the counting 
Eq. <^m>. 

2.4 Generalized Cho action 

We have seen that the local U(l)x SU(iV) gauge transformations on 

A^Al = U(A fl + id fl )U^ (2.28) 

are equivalent to the local transformations Eq. (I2.19p . Eq. (12.241) of and C M fields, 
while M remains invariant. As the action 

TtF^F^, F^ = d^Ay - d v A„ - i[A^ A u ] (2.29) 

is by construction invariant under Eq. (I2.28p . after the action has been calculated 
and simplified the resulting expression must contain only objects invariant under the 
dual local transformations of Eq. (12.191) and Eq. (I2.24|) . Plugging ( 12. 13[) into the 
Yang-Mills field-strength: 

Ff„, = dfj,A„ - d v Ap - i[A^ A v \ (2.30) 

we find indeed 

F^ = (C^ + H^M + eB^ u e, (2.31) 

where 

C^u = d^Cy — d v C^ B^ v = d^B v — d u B^ — i\B^, B v \ (2.32) 
are respectively the abelian and the SU(iV) field-strengths. 

= Tr([^M, d v M\M) (2.33) 

is an analogue of the H^ v field defined by Faddeev and Niemi, and describes the 
magnetic degrees of freedom. Notice that the presence of the field is crucial to 
obtain such a simple formula for the field-strength: the terms proportional to E^ 
combine to cancel the component of [d^M, d u M] orthogonal to M. 
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We can now straightforwardly evaluate the Lagrangian and find 



C = TrF^ = (C^ + H^){C^ + H>») + tTB^, (2.34) 

where tr indicates the trace over SU(iV). From (12.311) we can straightforwardly derive 
Yang-Mills equations evaluating D^F^. We find the following two equations: 

0=^(C^ + ^), 

(2.35) 

0=d>*B^-i[B>*,B^). 

We recognize these as the equations obtained varying C with respect to C M and B u 
Generically, the Faddeev-Niemi equations are just a subset of the Yang-Mills ones, as 
noted in [6] . However in this case the problem does not arise: the equations obtained 
varying the action with respect to the U(iV) connection imply the full SU(A^ + 1) YM 
equations. 



3 Non-Abelian Faddeev-Niemi decomposition for SU(3) Yang 
Mills theory 

The action following from our Cho connection (12. 34ft has a very simple interpreta- 
tion. It consists of the U(l) part describing the electric and magnetic contributions, 
and the SU(iV) action orthogonal to the U(l), exhibiting the dynamical symmetry 
breaking SU(iV + 1) — > U(iV). Even though very elegant, such a picture is clearly 
an oversimplification due to the reduction of degrees of freedom inherent in the Cho 
approach. In the case of the SU(2) theory with symmetry breaking SU(2) — > U(l), 
Faddeev and Niemi attempted to improve it by keeping 2 (on-shell) or 4 (off-shell) 
more degrees of freedom in A a . These extra degrees of freedom appear as one (or 
two) complex scalar fields carrying the charge under the U(l). By averaging out the 
fluctuations of these "matter fields" first, Fadeev and Niemi managed to obtain an 
effective action describing the magnetic degrees of freedom (corresponding to our M 
field), and showing that these low-energy theory possessed knotlike solitons. They 
have subsequently generalized their construction to the case of SU(iV) — > U(1) 7V_1 . 
They proposed that this kind of effective Abelian action may describe the confinement 
phase of QCD. 

5 The variation of C with respect to M, with an appropriate Lagrange multiplier, can be shown 
not to introduce any new equation. 
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It is quite natural to ask if an analogous completion is possible in the non-Abelian 
scenario, SU(A r + 1) — » U(iV). Given formula (12.131) one might think that just by 
adding a term of the form e$> 1 z + /i.e., where $^ contains a complex field in the 
fundamental of SU(iV), we can introduce the remaining 2N degrees of freedom, to 
complete the decomposition a la Fadeev-Niemi. However, such a term clearly intro- 
duces more than 2N degrees of freedom, unless the four vector components are all 
proportional. Sticking to the idea of introducing precisely 2N more fields, the only 
possibility would be to write e^d^zzz + h.c, but such a term is not invariant under 
z — > e ia z: z would cease to be 2N dimensional coordinates of CP^. 

It could be a more fertile idea to try to find a natural generalization the "off-shell 
decomposition" found in [H] to our non-Abelian breaking scenario, rather than to 
insist on generalizing the original "on-shell complete" FN decomposition [H |2J. A 
possible such decomposition for SU(3) Yang-Mills theory has the form, 

A, = Af° + pd,M + tnidpNY (3-1) 

where (Eq. (EES)) 

A cho = c (o) M + , [M? d/iM] +B IM -E li 

and where 

A^er'e, 7 = 1,2,3 (3.2) 

(t 1 are the standard constant Pauli matrices). We keep in (13. ip the part of d^N 1 
orthogonal to U(2), 

Oyvy = zzd^er'e + h.c. = [[d^N 1 , M], M] , (3.3) 

(recalling zz + ^2ee = 1) to avoid mixing with B^. The first four terms already 
appear in (I2.13p . the matrices N 1 are the Pauli matrices embedded in SU(3) whereas 
p and 07 are real scalars. This formula contains 12 on-shell degrees of freedom in 
the Cho sector and four parameters describing "matter fields". This might appear 
to be the right number of on-shell degrees of freedom (16) to describe the original 
Yang-Mills theory. 

Unfortunately, (13.11) is not form invariant under U(2) rotations (even under the 
U(l) rotations about the M axis the p and a fields pick up a phase). This means that 
by acting with U(2) gauge transformations we generate new terms, which must be 
taken into account in the spirit of the original Faddeev-Niemi construction. However, 
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as we will now see, the form invariance can be achieved by simply promoting p and 
o % to complex fields, and by adding the necessary Hermitian conjugate terms. 

Using the and z variables we can rewrite the part of formula (13. ip proportional 
to the p and <7, fields as 

[pd fl M + a I (d ll NY] a b = e a He c d^z h + h.c , (3.4) 

where 

Hi^pSi-at^t. (3.5) 

The 2x2 matrix H (with indices .. of the dual space) is Hermitian if the p and a 1 
fields are real. It is easy to see that the action of a U(2) gauge transformation (13. ip 
produces the transformation 

H^VLH (3.6) 

(where Q is the induced U(2) transformation in the dual space, see Subsection 12. 3p . 
According to the polar decomposition, every complex matrix $ can be written in 
the form $ = UH, where U is unitary and H Hermitian; applying this result to our 
case, we deduce that by acting linearly with the U(2) unbroken gauge group on H 
we generate the general complex matrix $. Thus, the requirement of form invariance 
under U(2) rotations leads us to replace (13 .4p with 

e a $ e c d^z c z b + h.c = ('I'l^ i d^z% + h.c, $} = p 5) - <x/(r 7 )}, (3.7) 

where now p(x) and <Ti(x) (I = 1, 2, 3) are complex fields. 

Most interestingly, the transformation law $ — > Q $ means that 




* = m ,m (3.* 



transform as two doublets of SU(2), both with unit U(l) charge. To summarize, then, 
our Ansatz (13. 1 P with complexified (p, 07), 

A,j, = Af° + e a ^e c d^z c z b + h.c, (3.9) 

represent the following degrees of freedom: (4) and (12) are U(2) gauge fields, 
M (4) is the CP 2 coordinates of the embedding U(2) SU(3), and two complex 
"matter" fields both of which are doublets of SU(2) (8). Altogether they represent 
precisely 28 = 32 — 4 (off-shell) degrees of freedom, corresponding to the partial gauge 
fixing of the original SU(3) theory. 
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By introducing p = p 1 + ip 2 and 07 = a>i + i/3j our connection can be written in 
an alternative form 



= Af° + p^M - ip 2 [d li M ) M] + aj (d^N 1 ) 1 - % ^[d^N 1 , M] . (3.10) 



In this form we recognize the pair p±, p 2 as analogues of (p, a) fields introduced in the 
original Faddeev-Niemi decomposition pQ. 

4 Monopoles and Obstructions 

Our generalized Cho-Faddeev-Niemi connection describes very naturally magnetic 
monopoles and instantons, as the abelian decomposition considered by Faddeev and 
Niemi. We discuss here some of the specific issues arising in our nonabelian scenario. 

4.1 Topologically stable configurations 

The Higgs field M defines a function from spacetime to CP^. Stationary solutions in 
(3 + l)-dimensional spacetime provide a map from R 3 to CP^. Configurations which 
are topologically trivial at infinity may be characterized by maps in which spatial 
infinity is compactified, so these are maps from S 3 to CP^. Topologically stable 
Higgs fields correspond to maps which cannot be smoothly deformed to constant 
maps. These are characterized by the homotopy group 



In Refs. [U [S] the authors were interested in the case iV = 1, in which this 
homotopy group was nontrivial, and so there were topologically nontrivial Higgs fields 
which were trivial at infinity. The authors claimed, after a numerical analysis, that 
such topologically nontrivial fields correspond to actual solutions to the equations of 
motion, which they identified with various knots. They later extended their analysis 
to other symmetry breaking patterns ending with abelian groups, in which the Higgs 
field is valued in a flag manifold with nontrivial 7r 3 and so such knots continue to 
exist. 

In our case N > 1, however, and so there is no topologically nontrivial Higgs 
field configuration which is topologically trivial at infinity. There are no topologically 
stable knot solutions, analogous to those of Faddeev-Niemi. 




when N > 1. 



when N = 1 
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Topologically nontrivial Higgs fields nonetheless exist in our case as well. There 
are characterized by the topology of the Higgs field on the 2-sphere at spatial infinity. 
Stable equivalences classes of such Higgs fields carry charges in 

ir 2 (CP N ) = Z, VJV . (4.2) 

This group is nontrivial in our case as well. A configuration representing the el- 
ement q of this homotopy group is a Wu-Yang ('t Hooft-Polyakov in the presence 
of elementary Higgs fields) monopole with q units of magnetic charge. While such 
configurations exist with symmetry breaking SU(iV + 1) — » U(N), the SU matrices 
cannot be continuously defined on the entire spacetime in these cases. We will now 
describe this topological obstruction. 



4.2 A minimal monopole 



If a gauge could be chosen so that 



/ 1 \ 





(4.3) 



everywhere, then the remaining gauge freedom together with an SU(iV) acting on i 
(acting on different e^'s as a "dual" group), could be used to set 



e? = <T\ e]=0. 

i = l,2,...,N, a = 2,3,...,JV + l 
In other words, in that gauge 

' 



(4.4) 



U=l 



N+lxN+1 j 



E 



ee 



(4.5) 



N 



and represents simply the original gauge fields in SU(iV) C SU(iV + 1). The 
problem is that for general gauge field configurations it is not possible to choose the 
gauge so that Eqs. (14.3 j) . f !4.4j) hold everywhere. For instance take a "spin 1/2" wave 
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function embedded in an SU(2) subgroup: 



/ e"^ /2 cos- 



Jip/2 



sin 5 



then 



M — - 
2 



/n- 



V 



T 



V 

\ 
/ 



1 

+ 2 





o / 

/ 3-2x2 

V 



(4.6) 



\ 







N + l 



(4.7) 



n • r 



r 

- • T 

r 



(4.8) 



(4.9) 



cos 9 e ltp sin 
e lip sin 6> — cos 9 
The second term of Eq. ( 12. 131) . % [M, d^M], gives then 

— o u n x n 

4 

lying in SU(2) C SU(A^ + 1), which is precisely the singular Wu-Yang monopole 
solution [26J . As in the original Faddeev-Niemi decomposition, it is quite possible that 
the presence of other fields p, aj smears the singularity [TJ [27] ; there is nothing that 
prohibits that the collection of these regularized monopole configurations dominates 
the infrared limit of the Yang-Mills theory. 

Clearly, we can build other monopole solutions by taking z of the form 

/ e^/ 2 cos f \ 








Jif/2 



sin 2 



(4.10) 



V / 

where only the first and i-th entries are nontrivial; this corresponds to the Wu-Yang 
monopole embedded in the plane (l,i). If we now calculate the field-strength tensor 
using the connection just defined we obtain 

Fij = 6ijJ-^M. (4.11) 
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We thus construct N monopole solutions, differing only in the embedding of SU(2) 
into SU(iV + 1), which form a multiplet in the fundamental representation of SU(iV); 
this is precisely the nonabelian GNO monopole (singular at the origin). 

Can one define an unbroken SU(iV) group orthogonal to the U(l) defined by the 
direction of z (M) globally? This is of course the "topological obstruction" noted by 
Aboulsaad et. al. [12]. The transformation U that would bring (14. 7p into the fixed 
U(l) generator T (0) (Eq. (£2}, Eq. (Elty ) in this case is 



U 




V 



-^l 2 cos f e-^l 2 sin § 



The generators of SU(iV), T^ A \ A = 1, 2, 





e iV>/2 s j n . 



N 2 - 1, 



cos | 



(4.12) 



y(A) 



(4.13) 



which involve the second column or the second row, such as SU(2) generators 



/o 



V 



-1,2 



do not have well-defined set of images 



\ 



(4.14) 



U 







T (A) 



(4.15) 



as is well known |12|. 



4.3 The obstruction in general 

More generally, recall that a Higgs field M which breaks SU(iV + 1) to U(iV) defines 
an element of the projective space CP^. Given a choice of M, the matrix U defines an 
embedding of U(iV) into SU(A^ + 1) such that the U(iV) commutes with M. For any 
given value of M, there are many such embeddings. Different points in spacetime, 
in general, have different values of the Higgs field M, and so different embeddings. 
Thus in principle one would like to define U as a function of M, so that an embedding 
exists at each point x corresponding to the value M(x). 
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However no continuous function IA of M exists such that IA defines an embedding of 
U(iV) that commutes with M for all M. In fact, as U(iV) is nonabelian, it is not even 
possible to define its generators for all values of M, and therefore it is not possible 
to define the action of a global U(iV) symmetry in the presence of an arbitrary Higgs 
field configuration. 

On the other hand, such a function does exist if one restricts M to lie in a particular 
subset of CP^, for example if one removes a CF N ~ 2 then the SU(iV) subgroup can 
be globally defined. The largest such subset is CP^ with a CP^ -1 removed. One 
may remove any CP^ -1 which represents the element [1] of the (2N — 2)nd homology 
group of CF N 

[CF N - 1 ] = 1 G H 2N _ 2 (CP N ) = Z. (4.16) 

The points in spacetime in which the Higgs field has values in the removed CP^ -1 
correspond to a Dirac string, on which an embedding of U(iV) does not exist. One 
may choose any CP^ -1 satisfying (I4.16p . different choices give different locations for 
the Dirac string. Thus, as in the case of the conventional Dirac string, the location 
of the string is a gauge choice. However, as there is no U(iV) embedding on the Dirac 
string, U(iV) global symmetries cannot be defined in such a gauge. 

't Hooft-Polyakov monopoles have nontrivial Higgs field profiles. In particular, 
the Higgs field at large distances from the monopole is topologically nontrivial. It 
varies with respect to the 2-sphere at spatial infinity, sweeping out 

[S 2 ] = 1 e H 2 (CP N ) = Z. (4.17) 

A charge q monopole represents the element q in this second homology group. The 
key topological fact is that the intersection product between the space of obstructed 
values of the Higgs field H 2N _ 2 (CP N ) = Z and the space of Higgs field values at infinity 
in a monopole configuration H 2 (CP N ) = Z is nontrivial. In fact, the intersection of 
the cycles in Eqs. (14.161) and (I4.17P generates Ho(CP N ) = Z. This means that the 
Higgs field in a charge q monopole configuration necessarily intersects the obstruction 
surface ( 14.161) with multiplicity q. Therefore if there is a net monopole charge, there 
will always be a topological obstruction to a global embedding of U(iV) in SU(iV + 1). 

Recall that there is no obstruction when M is valued in CP^ with CP^ -1 removed. 
One may describe this space using homogeneous coordinates w = (1, u 1; Vjy) which 
are related to z by division by z 1 . In other words 

fc+i 

v k = — ■ (4.18) 
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The CP^ 1 which is removed corresponds to the points z 1 = 0, where (I4.18P is ill- 
defined. 

Now M and U (Eq. (|2.9p ) may be expressed globally in terms of w. M is given 

by 

M=-—ww-— 1 (4.19) 

\w\ 2 N+l y ' 



and the corresponding U can be given explicitly ( Appendix C ). The image of U(iV) C 
SU(A/" + 1) (Eq. (I4.15P ) is then everywhere well defined in terms of Vi, Eq. ( 1C6|) . 
Eq. (1C8[) . Of course, we lose also monopoles by restricting to configurations with 
CP^ -1 removed: this is just another way of saying that the presence of monopoles in 
nonabelian scenario necessarily leads to the topological obstruction, if the full global 
U(iV) symmetry is to be retained. 



4.4 Instantons and merons in the SU(3) theory 

We have seen that our Cho connection (12.131) can be used to describe nonabelian 
magnetic monopoles. Obviously the same holds for our decomposition of the SU(3) 
YM connection (I3.10p . since we recover the Cho conection just setting the p and <7j 
fields to zero. However, these extra fields allow us to recover many other configurations 
of physical interest, confirming the validity of our decomposition, as we will see in 
this section. 

In Ref. [2] the authors observe that Witten's Ansatz for instantons is contained in 
their decomposed SU(2) connection; the analogous statement holds in our case. Let 
us recall formula (I3.10p : 

A, = Af° + Pl d,M - ip 2 [d tl M, M] + a'id^N,) 1 - i^[d„N u M]. 

As well known, the SU(AQ instantons are obtained by embedding the standard in- 
stanton in various SU(2) subgroups, either in the unbroken SU(2) (whose generators 
commute with M), or in broken SU(2)'s such as U-spin or V-spin. The instanton 
in the unbroken subgroup can be recovered simply choosing the appropriate B l 3 : , so 
there is nothing new to add. If we take z of the form (14.101) . we obtain the analogue 
of the n vector of ([]]) for the U-spin or V-spin. By setting 

a = Cx\ Bl = a i = i = 0, (4.20) 
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with C, C t , p\ and P2 depending on t and r only, we obtain exactly Witten's Ansatz 
for instantons embedded in the "broken" SU(2) subgroups. With the same technique, 
it is straightforward to recover also meron-like configurations: taking z as before and 
setting 

1 + P2 = r-^R(x), C tl = Bj l = p 1 = a i = f3 i = 0, (4.21) 

we obtain a single meron or a multi-meron configuration, depending on the specific 
form of the function R(x). A similar result could be obtained for the general SU(iV) 
case if one can find a U(iV) invariant decomposition which contains the terms pd^M — 
za[(9 M M, M]. We have not found such a solution which does not introduce too many 
parameters. 

5 Concluding remarks 

In spite of subtleties discovered recently [6J [7j the Faddeev-Niemi decomposition 
[H [2] may still be a useful tool for analyzing the infrared behavior of some strongly- 
interacting gauge theories such as QCD. Motivated by the lack of clear evidence 
of dynamical abelianization in real-world QCD, in this paper we have studied the 
structure of a possible nonabelian Faddeev-Niemi decomposition corresponding to 
dynamical gauge symmetry breaking SU(iV-|- 1) — > U(iV). The generalized Cho con- 
nection has been constructed, and its dual gauge symmetry transformation properties 
have been clarified. 

It turns out that it is not possible to straightforwardly generalize the "on-shell" 
FN decomposition to the nonabelian scenario. Restricting to the SU(3) theory, how- 
ever, we have found a very natural "off-shell" FN decomposition of nonabelian type, 
corresponding to the partial gauge fixing SU(3)/U(2), with the correct number of 
degrees of freedom. We find it interesting that in this decomposition, the effective 
degrees of freedom correspond to those appearing in the Cho connection (the CP 2 
degrees of freedom describing the embedding U(2) <^-> SU(3) and the U(2) gauge-field 
degrees of freedom) plus two complex scalars in the doublet representation of U(2). 

A consequence of the minimal breaking SU(3) — > U(2) is that the analogue of the 
FN knot solitons [U El HI E] does not exist in this case, in contrast to the dynamically 
abelianized system, SU(3) —> U(l) 2 . 

Another decomposition for the SU(3) Yang-Mills fields, by using the orthogonal 
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Zweibeins in the planes perpendicular to the Cartan subalgebra directions (which has 
some formal similarity to ours), has been studied by Bolokhov and Faddeev [2T] . The 
relation between their work and ours is not very clear to us, but we are under the 
impression that their work basically hinges upon the idea of dynamical abelianization 
and is in that sense quite distinct from the present work. 

Of course, no change of variables can eliminate in itself the problems [T2"j [T5] 
associated with the nonabelian monopoles: we have indeed discussed one of them 
(topological obstruction) in our more general context here. It is quite possible that our 
nonabelian symmetry breaking cannot be dynamically realized in the infrared in the 
pure SU(3) Yang Mills theory. Whether or not the nonabelian scenario SU(3) — > U(2) 
is relevant in the infrared in theories with light quarks, is a purely dynamical question 
which no classical argument such as ours can answer. Results from supersymmetric 
models strongly suggest that a certain amount of light matter fields are essential to 
prevent nonabelian monopoles from becoming too strongly coupled in the infrared 
|16j . The coupling of our nonabelian FN variables to the quarks and its possible 
consequences are left for future study. 
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Appendix A U(iV) gauge transformations on the Cho con- 
nection 

In this Appendix we show in detail how the U(iV) gauge transformations act on 
the generalized Cho connection and check its form invariance. 

The U(l) transformation around the M direction acts by definition as 

U = e iaM = e ia ^izz + e~ ia ^ee . (A.l) 

where a convenient form M = (N/N + 1) zz — (1/N + 1) ee, has been used. The 
fields and are easily seen to be invariant under such U(l) transformations. 

M field is invariant by definition; a straightforward calculation leads to 

U d^M U ] = cos a d^M + sin a i [M, d^M] , (A.2) 

and 

Ui[M, dpAflrf = i 2 e~ ia ed lt ezz + h.c. = cos a i[M, d^M] — sin a d^M , (A.3) 

in close analogy with the abelian decomposition discussed by Faddeev and Niemi [TJ. 
The inhomogeneous term arising from the gauge transformation can then be written 

as 

id^UU ] = d ii aM- i[M, d„M] + Ui[M, d„M]tf . (A A) 
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The Cho connection (I2.13P can be easily seen to transform (leaving out the invariant 
terms B^ — E^) as 

= C^M + t/i [M, d^M] U ] - d^aM + i [M, d^M] - Ui [M, d^M] ifl 

= C^M + t[M,d^M], (A.5) 

where 

<?m = ^ " ^a, (A.6) 
showing that C M indeed transform as a £7(1) gauge field. 

The SU(iV) transformations commuting with M can be written by exponentiating 

et A e, [et A e,M] = 0, 

that is 

U = exp(iu A et A e) = eQe + zz , Q = exp(iu A t A ) . (A. 7) 

where {t A Yj = 1,2,... N) are the standard SU(iV) generators in the fundamental 
representation; f2* C SU(iV) acts in the local (or dual) space§. Note that 

t/ t E7=l; UMU ] = M. 

One finds 

Ud^MU^ = -(eQd^ezz + zzd^e) (A.8) 

while 

Ui[M, d^M]U ] = i[M, Ud^MU ] ] = -i[ee, Ud^MU ] ] 
By using (I A . 8 1) one finds 

Ui[M, d^M]U ] = ieVtd^ezz - izzd^e. (A.9) 

Note that under the SU(iV) transformation the vector is not invariant: it trans- 
forms as 

UEprf = iUe{ed„e - jjTr[ed„e])elP = 

ieVt(ed^e - ^Trfe^eD^e = iefiefl^efi+e - e^Tr[e^e]e (A.10) 



6 This is analogous to the local Lorentz transformations in the Tetrad formalism of general rela- 
tivity. 
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Also in this case we need to find out the inhomogeneous term id^UW 



d^U = ed^Qe + d^efle + eQd^e — d^ee — ed^e 



id^UU^ = eidpQQ'e + id^ee + ieVld^eeVV e — z(l — ee)d^e + ie£ld fl ezz+ 



+id^ee — ied^e — ied^eee 

which can be written, by using the transformation properties of and i[M, d^M], 
as 

idpUrf = eid^e + E fl - i[M, d^M] - UE^W + Ui[M, d^M]U ] (All) 

From this we see that the term is crucial to obtain form invariance under SU(Af) 
as well; it is seen that besides the two terms of the abelian case we must add two 
more terms that commute with the abelian transformation in order to absorb the 
term —id^l/W: 

A^ = C^M + i[M, d^M] + eB^e — E^ (A.12) 

where B^ is a vector field taking values in the algebra of SU(iV). The previous formula 
is exactly our generalized Cho connection f)2.13p . Thus 



A^Al = U{A li + id li )tf 
= C^M + eVLB^e + Ui[M, d^M}W - UE„W 
eifyfifl+e — E^ + i[M, d^M] + UE^W - Ui[M, d»M\W 
= C^M + eQB^e - eid^Q^e -E^ + i[M, d^M] 
= C^M + eB"e + i[M, d^M] - E^ 



(A.13) 



where 



B^ = QB^ - id^ttl (A. 14) 

That is, the net effect of the original gauge transformation — > A^ is the gauge 
transformation of the B^ field in the dual space 



M -> M, 



En — > 



(A.15) 



On the other hand, this same transformation 



B 
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can be induced simply by the local SU(iV) transformation of the vielbein 



e(x) —> e(x)Q(x) . 



(A.16) 



In fact, under this transformation M remains invariant while 



eB,.e — > eVLB,.Q)e . 



(A.17) 



Note that such a conversion of the original gauge transformations into the local 
"flavor" transformations is quite analogous to the local Lorentz transformations in 
the tetrad formalism of the general relativity. Indeed by making a transformation 
e(x) — > e lcc ^e(x) the field remains invariant under a U(l) gauge transformation. 

Moreover we note that without the contribution of the vector E^ the gauge field 
would not be form invariant, and that the above-mentioned equivalence between the 
original gauge transformations and the local SU(iV) flavor transformations would be 
lost. 

Appendix B The Cho connection for more general patterns 



In Section 12.21 we have considered the minimal breaking SU(iV + 1) — > U(iV), 
motivated by the idea that nonabelian monopoles might play a key role in the infrared 
dynamics of QCD. In the context of some strongly interacting systems, it could be of 
interest to extend our construction of the Cho connection to a more general pattern 
of symmetry breaking, involving more than one surviving nonabelian factors as in , 



Our starting point is the construction of a parametrization for the coset G/H. In 
(|2D we introduced the variable z G CP^ in order to construct the matrix M; as we 
have seen, the phase of z is not observable and just the combination zz, which is the 
projector on the one dimensional space spanned by z, is physically meaningful. When 
the unbroken subgroup contains two nonabelian factors (e.g. SU(iV+l— K) x SXJ(K)), 
in order to say how it is embedded in SU(iV +1), it is enough to identify the K- 
dimensional subspace of C N+1 on which the SU(i^) factor acts nontrivially (as is well 
known, the coset space in this case is the Grassmannian) . Equivalently, we just need to 
build the projector on this subspace. In order to do that, we introduce K orthonormal 



of symmetry breaking 



SU(5) SU(3) x SU(2) x U(l). 
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vectors ui, 
z vector: 



Uk and define a N + 1 x K matrix which is the generalization of our 







\ 


(H 


uk 






\ J 


J 



u 







(N+l-K)xK 
IkxK 



(b.i; 



In the previous formula U is a matrix in SU(iV + 1). The (N + 1) x (N + 1) matrix 

J K 



ZkZV has obviously rank K and by means of a straightforward calculation one can 



see that it is a projector. It transforms in the adjoint of the unitary group (as can 
be inferred by the transformation property of Zk) and its stabilizer is given by the 
block-diagonal unitary transformations, so its orbit has exactly the dimension of the 
Grassmannian. We can also rewrite the matrix Zx in the form 



E 



J K 



KxK 



— E^E 



(B.2) 



which is the customary parametrization of the Grassmannian, used in the study of 
sigma models (see for instance [28J). 

In order to construct the Cho connection for this pattern of symmetry breaking 
we introduce the traceless hemitian matrix 

K , 



M, 



K 



ZrZ k — 



N + l 



lN+lxN+1, 



(B.3) 



which commutes with the whole residual gauge group and we complete the set u\, ... ,Uk 
to an orthonormal basis adding the vectors (in analogy with the case of minimal 
breaking) 

el a = l,...,iV+l; % = 1, . . . , JV + 1 - K. (B.4) 

We can thus accomodate in our formula all the gauge fields associated to the unbroken 
generators in the following way 



A„ = C^M K + eftBuM + Z K D^ K , 



(B.5) 



where C M is the abelian gauge field associated to Mk, whereas and are re- 
spectively the SU(iV + 1 — K) and SU(iT) connections. This formula is however 
incomplete, as it is not form invariant under "restricted" gauge transformations. To 
obtain the full Cho connection we must include the terms 



(B.6) 
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where is defined as 

= i Z K Z K d^Z K Z ] K + i efedpeffi. 

The sum of the previous two formulas gives the desired result, as it is form invariant 
and satisfies the constraint D^Mk = 0, as can be easily checked by direct computa- 
tion. Our proposal is therefore 

= C^M K + e^B^ei + Z K D^Z K - Z M . (B.7) 

We will now show that (1B.7[) is form invariant under restricted gauge transfor- 
mations. To simplify the formulas we suppress the indices, hoping that this will not 
cause misunderstandings. 

We recall that Mk is defined as 

K N + 1 — K K 

M K = Z K Z K - N I(n+i)x(N+i) = — — Z K Z K - N ^ - ee. (B.8) 

Since the e, and ui vectors form an orthonormal basis, we can straightforwardly 
exponentiate it and deduce that a unitary rotation about the Mk direction with 
angle a can be written as 

U = ee<f)-^TT + ZkZ^^^t^, (f) = e ia . 

We can now easily consider also the SU(iV + 1 — K) and SU(i^) rotations (that 
we denote with fl x and flj respectively): the general unitary transformation of the 
residual gauge group can be parametrized in the following way 

U = eftie0-^r + Z K ^iZ K ^^ . (B.9) 

Let us now examine carefully the inhomogeneous term of the gauge transformation 
(namely —id^UW): 

d^eQxecj)-^! + ^fi 2 ^0^^)(efi t 1 e0^r + Z^^fT^r). (B.10) 
We can identify four contributions in the previous formula: 
• When the derivative acts on we find 

d » a ( N + i Zk K ~ ivTT e 7 = " aMK - (R11) 
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When the derivative acts on the Q's the result is 



e(-i d£l x Sl\)e + Z K (-i dSl 2 n\)Z 



K ' 



(B.12) 



There is another term obtained deriving e and which has the form 

d^ee + d^KZ^. (B.13) 

The last contribution arises when the derivative acts on e and Z^ K and it can 
be rewritten as 

(B.14) 



U(ed^e + Z K d^ K )U^. 



Notice that 



d u ee + d^Z K Z ] K + ed u e + Z K d u Z ] K = d u (ee + Z K Z 



d^I(N+l)y.(N+l) — 0. 



The first two contributions combine to give the inhomogeneous terms of the gauge 
trans] 
form 



transformations for C^, and whereas the last two terms can be recast in the 



- i (d^ee + d^Z K Z ] K ) + i U^ee + d^Z^Ul (B.15) 

If we include the term — i (d^ee + d^Z^Z^) in the decomposition, the homogeneous 
part of the gauge transformation will generate new terms that are however cancelled 
by the corresponding contribution (IB. 15[) from the inhomogeneous part; all the other 
terms just combine to give the gauge transformations for the fields in the unbroken 
subgroup. We thus only need to prove that the above term gives formula (1B.7|) . If 
we multiply it on the left by the matrix ee + ZkZ* k , which is the identity, we find 



- i eedu.ee - i Z K ZtduZ K Zt - i eednZ K Zt + i Z K duZtee. 



(B.16) 



We can easily see that the last two terms of the previous equation give exactly 
—i [d^Mx-i Mk]-, thus proving that our connecton is form invariant. 

Appendix C Explicit form of U for embedding without topo- 
logical obstructions 



The form of the conjugation U needed to give 



M = -, — t^ww — — — -1, w 



\w\ 



N + l 



( 1 \ 

Vl 

V v * J 



(C.l) 
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M 



2N 
N+l 



N 
^/2N(N+ 1) I -Ijv 



(C.2) 



that is, 
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/ 1 \ 



V / 



/ 1 \ 



1 

\w\ 



(C.3) 



is obtained straightforwardly by exponentiating a matrix of the form 

i(eAz + zAh) a b = i(e"A j z b + z a A]e{) 



(C.4) 



where we use the orthonormal vielbeins introduced in Section [2j Actually it is suffi- 
cient to use the vielbeins of fixed direction 

e« = 5], z a = 8l. j,a = l,2,...,N (C.5) 
in this calculation. Calculating 

U = e i(eA5+2At5) (C.6) 
= Ijv+ixjv+i + (zz + ^eA4 f e^ {cos \A\ - 1} + i ^jj^ (eAz + zA ] e) 
and imposing Eq. (1C3|) on it we find 



A 3 = —ivjOc, 



where a > is given uniquely in terms of Vj by 

tan(a|u|) = \v\ . 
Eq. (1C.6j) -Eq. (1C.8j) give the desired expression of U. 



(C.7) 



(C.J 
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